We propose a new formulation of gauge theories as a quantum theory which has the gauge theory action S as its dynamical variable. This system is described by a simple actional I(S) (that is, an action for the action S) whose equation of motion gives the Batalin-Vilkovisky (BV) master equation for S. Upon quantization we find that our new formulation is reduced to something like a topological field theory having a BRST exact gauge-fixed actional. Therefore the present formulation can reproduce ordinary gauge theories since the path-integral over S is dominated by the classical configuration which satisfies the BV master equation. This "theory of theories" formulation is intended to be applied to closed string field theory.
Introduction
In this paper we propose a new formulation of gauge field theory. It applies in principle to any kind of gauge theory, but our interest is mainly in the reformulation of string field theory.
A field theory having a dynamical variable ϕ is described by an action S(ϕ) as A = Dϕ A(ϕ) exp S(ϕ).
(1.1)
In gauge theories S must be modified so that the local gauge invariance is fixed and correspondingly the Faddeev-Popov (FP) ghosts are introduced. This procedure for quantizing gauge theories is most efficiently carried out using the BRST or the Batalin-Vilkovisky (BV) [1] formalism. According to the BV formalism the quantum action S has to satisfy the master equationh ∆S + 1 2 {S, S} = 0, (1.2) where { * , * } and ∆ are operators whose precise definitions will be given in section 2. The master equation expresses the quantum BRST invariance of the system: the term proportional toh takes into account the variation of the path-integral measure under the BRST transformation. (Precisely speaking, the action S in eq. (1.1) for a gauge theory is obtained from S satisfying the master equation (1.2) by the restriction to a Lagrangian submanifold. In this section we do not distinguish these two S's to avoid unnecessary complication.)
In "simple" systems such as the Yang-Mills theory, the measure termh∆S can be consistently neglected by using dimensional regularization. However, for closed string field theory, which is recognizable as a gauge theory having an infinite number of gauge symmetries, the measure term is essential in obtaining a consistent theory. For such a system the quantum action S satisfying eq. (1.2) is given as an infinite power series inh:
Construction of the quantum action (1.3) for closed string field theory has been carried out in refs. [2] , [3] and [4] . Unfortunately, the resulting S looks too complicated to be used in the investigation of (possible) non-perturbative aspects of string theory. Invention of another, much simpler reformulation of string (field) theory is greatly desired.
Our attempt in this paper is to present such a reformulation of gauge theories, and in particular of closed string field theory, without referring to the explicit form of the action S(ϕ). Instead we promote the action S(ϕ) from a fixed functional of ϕ to a dynamical variable which should be path-integrated out. Since the kind of field ϕ which may be used as the argument of S is fixed, the coupling constants in S(ϕ) may be regarded as the dynamical variables. Roughly speaking, we consider a theory described by the path-integral O = DS O(S) exp 1 λ I(S) , (1.4) where I(S) is the action for the action (hereafter called the actional). Since S(ϕ) specifies a theory, the present formulation may be called a "Theory of theories" (TT).
The principles we use in constructing the actional I(S) for TT are as follows. First, we require that the equation of motion of TT, δI(S)/δS = 0, gives the master equation (1.2). Second, I(S) should be invariant under the "local" gauge transformation
where ǫ is an arbitrary functional of ϕ. The transformation (1.5) is known to be a symmetry of the master equation (1.2) [5, 6] : if S is a solution to the BV equation, so is S + δǫS (this can be naively understood if the LHS of the BV equation (1.2) is regarded as an analogue of the usual field strength F = dA + A 2 ).
An actional I(S) satisfying the above two requirements is easily found (and has already been proposed in ref. [7] ). We want TT to reproduce the original gauge theory (1.1), since our aim is to present a reformulation of string field theory. This implies that our TT should be a kind of "topological" theory [8, 9] which has almost no physical degrees of freedom as a system of the dynamical variable S(ϕ) (recall that an ordinary gauge theory (1.1) is described by a fixed action S(ϕ)). Remarkably we find that this expectation is in fact true. Since TT is also a gauge theory, we quantize it by again employing the BV formalism. After introducing an auxiliary field, the resulting quantized TT turns out to be a topological theory described by a BRST exact actional. The connection between TT and the conventional formulation of gauge theories is made through the partition function: in TT the partition function operator V L (S) is an observable, whose expectation value is shown to be equal to the partition function of a gauge theory in the conventional formulation.
The organization of the rest of this paper is as follows. In section 2 we give a brief summary of the BV formalism necessary in the construction of TT. In section 3, which is the main part of this paper, we first introduce the actional (sect. 3.1), carry out the BV quantization of TT (sect. 3.2, 3.3 and 3.4), and discuss the relationship to the ordinary formulation of gauge theories (sect. 3.5). The final section (sect. 4) is devoted to a summary and discussion.
BV formalism
In this section we shall recapitulate the elements of the BV formalism used in this paper. We follow our previous convention [7] . A more detailed explanation of the BV formalism may be found in ref. [6] .
We consider an (n, n)-dimensional supermanifold M. The coordinates of M are the field variables. In real gauge theories, a field ϕ(x) has continuous space-time parameter x. Here the index I (= 1, · · · , 2n) specifying the coordinates of M should be understood to represent all the (continuous as well as discrete) parameters characterizing the fields.
The supermanifold M is endowed with an odd symplectic structure defined by a fermionic two-form ω which is non-degenerate and closed, dω = 0, and carries the ghost number N gh [ω] = +1. In a local coordinate system (z
On M we also introduce the volume element
where ρ(z) is the density. Then we can define two basic operators, the antibracket { * , * } and the delta-operator ∆ ρ , by
3)
where ω IJ (z) is the inverse matrix to ω IJ (z), and
the left-and right-derivatives respectively. * Note that both the antibracket and ∆ raise the ghost number N gh by one.
The antibracket and the delta-operator satisfy the three basic properties:
Eqs. (2.6) and (2.7) are consequences of dω = 0, while eq. (2.5) is a requirement on the density ρ(z) † . Other useful formulas concerning the antibracket and the delta-operator are [5, 6] (−) 8) and
The master equation for S(z) reads 12) or equivalently ∆e
Given a S(z) satisfying the master equation (2.12) the gauge-fixed quantum theory is defined by the path-integral
where the integration is over the Lagrangian submanifold L and dλ is the associated integration
The corresponding volume element dλ is defined by
where dµ is the volume element in M, eq. (2.2), and (e 1 , · · · , e n , f 1 , . . . , f n ) is a basis of the tangent space T z M such that (e 1 , · · · , e n ) is a basis of T z L and the condition ω(e i , f
is satisfied. The choice of L corresponds to the choice of gauge fixing. In order for the expectation value A (2.14) to be independent of the choice of the Lagrangian submanifold L, the operator A(z) has to satisfy the following condition (see below):
The solution S(z) of the master equation (2.12) is not unique. Given a solution S(z), we have a continuous family of solutions obtained by the infinitesimal "gauge transformation" δ ǫ [5, 6] : where the transformation parameter ǫ(z) carries N gh [ǫ] = −1. In fact, using eqs. (2.5)-(2.7), the master equation M(S) of eq. (2.12) is shown to transform homogeneously under δ ǫ : δ ǫ M(S) = {M(S), ǫ}. The same formulas tell that the transformation δ ǫ forms a closed algebra:
The finite transformation which has δ ǫ of eq. (2.17) as its infinitesimal expression is given by considering a general canonical transformation g : M → M satisfying g * ω = ω (see ref. [7] ).
The relationship between the master equation (plus the requirement (2.16) on A) and the independence of eq. (2.14) on the choice of L is understood as follows. A general infinitesimal deformation of L may be realized by a canonical transformation:
where the ∆ǫ term in the first expression originates from the change of the measure dλ, while the {Ae S , ǫ} term expresses the coordinate transformation on the integrand A(z)e S(z) (see section 3.3 of ref. [7] ). The last expression of eq. (2.19) is obtained by using the formula (2. The simplest coordinate system for M is the Darboux frame (
The coordinates φ i and φ * i are called fields and antifields, respectively, and they satisfy
The antibracket and the delta-operator in the Darboux frame (with ρ(z) = 1) are given by
In the Darboux frame the Lagrangian submanifold L is specified by 
Finally we shall explain the BRST transformation in the BV quantized theory (2.24) in the Darboux frame. First we define the pre-BRST transformation δ B on a general A(z) by
Then the BRST transformation in the gauge-fixed theory δ B is defined by restricting δ B to the Lagrangian submanifold:
The master equation ensures the quantum BRST invariance and the on-shell nilpotency of δ B :
where S(φ) ≡ S(φ, φ * = ∂Υ/∂φ).
Theory of theories
As seen above, the master equation has a local gauge symmetry given by δ ǫ of eq. (2.17). In this section, we shall construct TT, namely, a gauge theory which has S(z) as its dynamical variable and and has an invariance under δ ǫ . We shall then study the quantization of TT based on the BV formalism and the relationship to the ordinary formulation on gauge theories.
Actional
First we need the actional I(S) for TT. As stated in section 1, we demand that I(S) has an invariance under δ ǫ and that the equation of motion, δI(S)/δS = 0, gives the master equation (2.12) . Such an actional has been proposed in ref. [7] . It takes a fairly simple form:
where H(z) ≡ exp S(z) (see section 3.2 of ref. [7] , where we denoted I hz (S) by A(S)). In this paper we adopt, instead of (3.1), the slightly modified actional I(S):
where the coordinate z I is related to the original one z I by the "inversion" of the Grassmann odd components:
The two expressions of eq. (3.2) are equivalent on using the partial integration formula
Since we have N gh [∆] = +1 and N gh [S(z)] = 0, the requirement that the actional I(S) carries no ghost number N gh leads to the following restriction on the ghost numbers of z I :
is Grassmann even (odd), the requirement (3.5) tells that the dimension n of our (n, n) supermanifold M must be an odd integer (this fact follows immediately from the requirement that I(S) be a bosonic quantity since ∆ is fermionic). It is a delicate matter whether condition (3.5) is satisfied for a concrete system, such as string field theory, since the index I is in fact a continuous parameter. Here we simply assume that the condition (3.5) is satisfied.
It is obvious that the equation of motion, δI(S)/δS(z) = 0, gives the master equation (2.13). The invariance of I(S) (3.2) under the gauge transformation δ ǫ of eq. (2.17), which is expressed on H(z) as
is shown as follows:
where H is short for H(z), and we have used eq. (3.4) and the nilpotency of ∆. The vanishing of the ∆H∆Hǫ term is understood by making the change of variables from z to z:
where we have used the properties
Eq. (3.11) is the restriction on ǫ(z) that it should not contain Grassmann odd "constants". Note that f (z) = ±f (z) depending on whether the function f (z) = ω IJ (z), ρ(z) etc. is
Grassmann even (upper sign) or odd (lower sign). For example, we have ρ(z) = ρ(z).
Master equation for TT
Having presented the gauge invariant actional of TT, our next task is to quantize it. We shall carry out this quantization using the BV formalism. For this purpose we have to first define antibracket and delta-operator for TT, which we denote by ( * , * ) and , respectively. Here we shall adopt the following ones:
where A(S) and B(S) are arbitrary functionals of S(z). Note that the differential operator δ/δH(z) is Grassmann odd since we have
and δ(z − z ′ ) is Grassmann odd (recall that n is odd). In obtaining the second expression of eq. (3.12) we have used the formula
It is easily seen that the antibracket ( * , * ) and the "delta" operator satisfy the basic properties of eqs. (2.5) -(2.11) with { * , * } and ∆ replaced with ( * , * ) and , respectively.
, the condition (3.5) ensures that both ( * , * ) and raise N gh by one.
Here we should add a comment on the ghost number restriction on S(z) as the argument of I(S). Let us suppose a (formal) expansion of S(z) in terms of a "complete set of interactions" {f n (z)}:
where the coupling constants s n are now the dynamical variables. When we consider the gauge invariant actional I(S) (3.2) and the gauge transformation (2.17), we can consistently restrict the summation (3.16) to those n with N gh [s n ] = 0 by restricting also the expansion of the transformation parameter ǫ(z) = n f n (z)ǫ n to N gh [ǫ n ] = 0 (and therefore N gh [f n ] = −1). In other words, we can impose the condition
for an arbitrary θ. This restriction looks natural if we regard I(S) as a "classical" actional before introducing the FP ghosts for quantization. However, when we discuss the BV formalism, we have to relax this ghost number restriction on S(z). Namely, in order for the antibracket and the delta-operator of eqs. (3.12) and (3.13) to be non-vanishing and make sense, we have to allow the existence in S(z) of the couplings s n of any ghost number. The situation is the same as in string field theory [11, 4] .
Once we relax the ghost number restriction (3.17) on S(z), the same I(S) as eq. (3.2) satisfies the master equation of TT:
for an arbitrary coupling constant λ: namely, each term of eq. (3.18) vanishes separately:
I vanishes because it is a Grassmann odd constant which we do not have. ‡
BV quantization of TT
We now apply the BV quantization method to our TT described by the actional (1/λ)I(S). The expectation value of an observable O(S) is given by (cf. eq. (2.14))
21) ‡ In fact a more careful analysis using a suitable regularization may prove necessary, and this might give a non-vanishing S dependent "anomaly" to eq. where L is a Lagrangian submanifold of the supermanifold of H(z), and DΛ is the volume element on L defined similarly to eq. (2.15) on the basis of the volume element DH(z) on the total supermanifold of H(z) (the explicit expression for DΛ will be given later). Z(λ) in eq. (3.21) is the partition function of TT. In order for the expectation value O to be independent of the choice of the Lagrangian submanifold L, the observable O(S) has to satisfy the condition (recall eq. (2.16))
As an example of an observable satisfying eq. (3.22) we have the "partition function operator" V L (S): V L is not only independent of the choice of L but in fact is also independent of the choice of the Lagrangian submanifold L defining V L . This may be seen as follows. First, under a small deformation δ L of L corresponding to the canonical transformation z
where the three terms in the last expression vanish separately upon using i) the formula (2.20) applied to TT, ii) the fact that X is linear in H(z), and iii) the master equation for I(S), eq. (3.18) (in eq. (3.27) we have omitted to divide the RHSs by Z(λ)).
Choosing a Lagrangian submanifold
The quantum TT is now given by eq. (3.21). In this subsection we shall choose a concrete Lagrangian submanifold L for the quantization of TT. For this purpose we shall work in the Darboux frame for M with ρ(z) = 1 and treat one pair of field and antifield variables in a special manner. We choose a frame
where τ and θ are Grassmann even and odd respectively, and the condition
Then we make explicit the dependence on the Grassmann odd coordinate θ by expressing H(z) as
In terms of the components h and χ of eq. (3.30), the functional differentiation δ/δH(z) is given by
,
.
Note that δ/δh and δ/δχ are Grassmann even and odd, respectively. Using eq. (3.31), the antibracket (3.12) of TT is re-expressed as where Γ(τ, z), which is defined for each (τ, z), is a functional of h and χ, and it satisfies the condition (Γ(τ 1 , z 1 ), Γ(τ 2 , z 2 )) = 0, (3.34)
for any pair (τ 1 , z 1 ) and (τ 2 , z 2 ). A solution to eq. (3.34) is obtained by assuming that
where Γ depends only on h. Then eq. (3.34) is rewritten as
and Γ should be given as a gradient form 
TT as a topological theory
In this subsection we shall carry out a concrete study of the BV quantized TT of eq. (3.21) using the Lagrangian submanifold of the previous subsection. First, I(S) and the pre-BRST transformation δ B for TT δ B H = (H, I) = ∆H, (3.38) are expressed in terms of h and χ of eq. (3.30) as 
the Lagrangian submanifold L is specified by
Note that this is slightly modified compared to the form in the previous subsection because of the redefinition of G. We assume that δG[f ]/δf | f =0 = 0 and therefore χ| f =0 = χ 0 on L.
The gauge-fixed actional I(f ) and the corresponding BRST transformation δ B are given by
where | L means the restriction to the Lagrangian submanifold (3.44). It can be checked explicitly that I(f ) is invariant under δ B and that the latter is on-shell nilpotent:
In proving eq. (3.47) we have used, in particular, the following manipulation:
where the first equality is due to partial integrations, and at the second equality we have made a change of integration variables z → z, under which we have d z = d z and ∆ = − ∆.
The partition function operator V L of eq. (3.23) on L is given by
is the partition function of a gauge theory described by the action S 0 (z) = ln H 0 (z). The expectation value V L of eq. (3.21) may now be explicitly written as
Some comments are in order. First, it should be noted that the range of path-integration over f in eq. (3.51) is non-trivial since the original variable H(z) is in fact an exponential function H(z) = exp S(z). It is restricted to the region
where θ i denotes all of the Grassmann odd coordinates in z I . Therefore, even if we adopt
which is quadratic in f and hence makes I (3.45) quadratic in f , TT is not truly a free field theory: I expressed in terms of unrestricted variable contains interactions.
Second, the (formal) invariance of the path-integral measure Df under the BRST transformation δ B of eq. (3.46) may be checked as follows:
where the vanishing of the last term can be understood by partially integrating with respect to τ and then changing the integration variables from z to z to obtain minus the original expression.
The third comment is that V L (f ) (3.50) is not exactly a δ B invariant operator but δ B V L is proportional to the equation of motion:
The invariance of V L under an infinitesimal change of the gauge fermion G by δ G G can be checked explicitly using eq. (3.54) and
The gauge-fixed actional (3.45) consists solely of terms containing the gauge fermion G[f ] which specifies the gauge fixing. Therefore one may suspect that our TT is a topological theory which has no physical degrees of freedom as a quantum theory of S. We show in the following that this is the case: by introducing an auxiliary field the gauge-fixed actional I can be reduced to a BRST exact form. For this purpose we multiply both the denominator and the numerator of eq. (3.51) by a Gaussian integration over a new Grassmann odd variable B(τ, z): The actional I(f, B) for the new (f, B) system is obtained by summing I(f ) (3.45) and the contribution from eq. (3.55), and it is written as a δ B exact form:
In the (f, B) system described by the actional I, the partition function operator V L (3.50) is equivalent to a new operator V L ,
so long as we consider only the the "one-point" function:
This is because we have 
This implies that V L is in fact independent of the coupling constant λ:
and therefore V L may be calculated in the "classical" limit λ → 0 [8, 9] . In this limit the (f, B) fields are frozen, and we find that the expectation value of the operator V L in TT is equal to the partition function of the gauge theory corresponding to a classical solution S 0 (z) of the master equation (2.12):
This implies the equivalence between our TT and the ordinary formulation of gauge theories, at least as far as the partition function is concerned.
In deriving eq. (3.64), we have implicitly assumed that there are no stationary points of I(f, B) other than the trivial one (f, B) = (0, 0). What will happen if there are other stationary points of I? In this case there would be two possibilities: one is that we have to sum all the contributions from the stationary points of I, and the other is that only one of the stationary points is chosen in the same manner as in the case of spontaneous symmetry breakdown. Which of the two is realized depends on the dynamics of TT: whether TT with a non-vanishing coupling constant λ is in a disordered phase or in a ordered perturbative phase.
If all the stationary points of I have to be summed over, TT would be a very peculiar theory which could hardly reproduce an ordinary gauge theory. To discuss the latter case of choosing one stationary point, let us regard the variable f as the original h of eq. 
Summary and discussion
In this paper we have proposed a new approach to gauge theory. It is formulated as a gauge theory having the action S of ordinary gauge theories as its dynamical variable. Applying the BV quantization method, we have found that our TT is essentially a topological theory described by a BRST exact actional and can reproduce an ordinary gauge theory corresponding to an action satisfying the master equation (1.2). Since this new formulation does not refer to any concrete solution of the master equation (1.2) in its basic formulation, our TT is expected to be useful in its application to closed string field theory whose quantum action takes a very complicated form.
There are many questions left unanswered. Most of them are mentioned in the text. We finish this paper by summarizing them (not necessarily in the order of importance).
i) Observables in TT. At present we have only the partition function operator (3.23) as an example of an observable satisfying the condition (3.22) . In order to make clearer the connection between the present TT and the ordinary formulation of gauge theory, we have to prepare more observables. An "on-shell amplitude operator" would be an interesting candidate, however, we do not know the explicit form of such an operator in TT.
In relation to the problem of observables in TT, we comment that the product of the partition function operators, O = i V L i , is also an observable satisfying the condition (3.22). We have (I, O) = i (I, V L i ) j =i V L j = 0 since (I, V L i ) = 0. As for O, it is expressed using eq. (2.8) as a sum of terms which contain either V L i (= 0) or
The quantity (4.1) vanishes since it is a constant with N gh = 1. However, we do not know whether there is any interesting meaning to the expectation value i V L i . Note that (∂/∂λ) N i=1 V L i = 0 does not hold for N ≥ 2.
ii) N gh [I(S)] = 0? We have left unanswered the question of whether the actional I(S) of eq. (3.2) carries no ghost number, that is, whether the condition (3.5) is satisfied in the system we are interested in, for example closed string field theory. As stated in the text, this is not an easy problem since the index I is in fact a continuous parameter.
iii) We do not yet know how to treat the case where the actional I has many stationary points, should this arise.
iv) It is an interesting question whether the present TT formulation applied to closed string field theory gives a space-time background independent formulation (see refs. [12, 13] for recent studies on the background independence of string field theory). v) We have no intuitive understanding of why TT, which has a nontrivial classical actional, I(S) of eq. (3.2) with the restriction (3.17), is reduced upon BV quantization to a topological theory, at least in the evaluation of V L .
vi) Most of the manipulations in this paper are very formal. It is desirable to study the validity of the arguments for TT using a simple model.
The last and the most important problem is how the present TT formulation is useful in the study of gauge theories, and in particular of string theory. This problem is currently under investigation.
